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|. MOTIVATIONS
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FROM REWRITING TO HOMOLOGY
» A stringrewriting system< X | R > is givenby
- An alphabet® = {a,b,c, ...}
- A setofruleskR = {A,B,C, ...} C ¥* x ¥*, u 25y

» Conflictsin aconfluent< X | R > oo:mmco:ao ﬁ:mﬁo__oé_:@ situations

\ / Uw b w1
Critical pair : B

— W2

m/ /m

S)

Critical triple : e n-overlappingambiguities

» SquierSresolution[Squier'87],M ~ ¥* /R :

wm_ﬁmm: — S ZM[R] — ZM[S] — ZM — 7. € AbM

(A,B) — A+ B\A— A\B— B

ZM]|
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1. FOX DIFFERENTIAL CALCULUSON TERMS
» TERMS

» A termrewriting system(TRS)is apair< 2 | R >, where

- = (2(n,1)),¢n IS anequationakignature,
- Risasetof rulesu — v, whereu,v € To(X), thefreeQ-algebragiveninductively:

t1, ... Jly € NJSANV

suchthat,u ¢ X, Var(v) C Var(u).

r € X, f € Q(n,1)

T < MJDAN‘V

Example: Q={2-51}, R={(zey)ez—ze(yez)l.

» An algebraiadheoryis asmallcategory A, whosesetof objectsconsistof countablymary objects
0,1, ...,n, ... andin which eachobjectn is the productof the object1 with itself n times.

Proposition. (Abstract Syntax) Any TRS < | R > hasa completesimulationon thefreealgebraic
theoryF(£2).
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» Example. Thetheoryof groups

7

Q= 2 1<—0
cexr —x i(r)ex — e (xoy)ez—xeo(yez)
12 g &1y 12 gdXly 0 4 DA LR )
< /¢\ /¢&Ao
- 0 2

Thecritical pair
z+—ecoy+— (i(x)ox)oy —i(x)e (rey)
corresponds$o thefollowing critical paironF(2) :

° H_yx.
i .
° o X IN 7x2 o X1

1 < 2 < 3=« 3 < 2

ee X 1
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» CARTESIAN NATURAL SYSTEMS

» Which abeliancategory for computinga projective resolutionfor < 2 | R >?

Ab(Th/A) D A% 5 Aph

» Thecategory of factorisationd’'A is the category definedby : n'—%
Ob(FA) = Mor(A), FA(w,w') > \L _8\
n A@| m

A cartesiamaturalsystemon A is afunctorD : FFA — Ab, preservindinite products

Dy ~ Dy o X Dy, forall m s ny X ng —5 ny
DenoteAb’™ the cateyory of suchfunctorsandnaturaltransformations.
- Thecatgyory AbF™ is abelianwith enoughprojectives.

- Thefreecartesiamaturalsystemgeneratedby a subsetX of morphisman A is:

ZA[X]- = EPZFA(z,—).

» Fromacomplete(noetheriarandconfluent)TRS < €2 | R >, we constructafreeagyclic resolution
of Z in thecateyory Ab™, whereA = F(Q)/R.
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» FOX DIFFERENTIAL CALCULUS

» ThenaturalsystemH of 2-homologicalsyzygiesof < Q2 | R > is definedasthekernelof the Fox jacobian

0 — H— ZA[R] -5 ZA[Q] € Ab™™

l

ol Or
> ~E(ma)
z€e
r
Theorem.If < © | R > is completethenthe naturalsystemH is generatedby critical pairs.

In particular if R is finite, thenHs (A, Z) ~ Tor: *(Z, Z) is finitely generated.

» More generallyby aninductive process[Anick ‘86, Kobayashi90] :
If < Q| R >isacompleteTRS,thereis anagyclic freeresolutionof naturalsystems
o ZA[A,] 2 ZA[A,_q] — - — ZA[A5] -2 ZA[R] -5 ZAIQ] -5 Z € AbTA
whereA,, is the setof n-overlappingandd,, decomposes-overlappinginto n — 1-overlapping.

Hence,f R isfinite thenH, (A, Z) is finitely generatedor ary n.

» Example.< 2 5 1 | G\.o@vowbao@omv >,

- 2-syzygy= StashefMaclLanepentagon,
- highersyzygies= higherStashdfpolytopes.
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» AiMs: Apply Fox calculusto systemsuchas:

- Concurrenmodels(ChAM, Petrinets,...),
- Functionalmodels(A-calculus,...),

» A prototypicalexample: the A\-calculus.

The \o-calculusasanalgebraicsettingfor the A-calculus[Abadi, Cardelli,Curien,Lévy '91].

- S thealgebraiaheoryof explicit substitution:

Terms a,b :=1|ab|Aa|als]

Substitutions: s,t :=1id| T |a.s|sot.

Axioms:
lid| =1, 1a.s]=a, (ab)ls] = (a[s])(bs]), (Aa)[s] = Ala[l.(s0o1)]), als][t] = als o],
idos=3s, 7Toid=f, 7To(a.s)=s, (a.s) ot =alt].(sot), (ros)ot=ro(sot).

- prule: B(u,w) : (Au)v — ulv.id].

Thesimulationof A-calculuson (S, R) is notcomplete [Laneve-Montanari96] :
(A (AT]) = (A D)[A[T].id]

B(1,1[1]) O B(L,1)[1[1].id]

1[7]
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2. SYZYGIES FOR REWRITING LOGIC

» Theplanis:

1. Semanticallydescribea concurrenpor functionalmodel,
by arewriting logic (S,R) (rewriting modulo),
2. Associatdo (S,R) thefreecrossednoduleof algebraictheories
o+
C(R) _ S
e
3. Usetheone-to-onecorrespondence

{critical pairs} ~ {identitiesamongrelationg ~ {2-homologicalsyzygieg

4. Computedentitiesamongrelationsandhigherordersyzygies.
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1. REWRITING LOGIC

Model of concurrensystem ~»  Rewrite Theory,

Stateswith structure(multiset,tree,...) ~» Termsin analgebraicdheorys,

Atomic localtransition ~»  Rawriting ruleons,
Transition: sg — 1 ~  Reawriting: 59 — 31.
_ A T _
S — S, U; — V;
Thesimultaneousansitionons(uy, - - - ,uy,) IS representedy
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» Definition. [Meseguer'90] A rewrite theory(S, R) is givenby:

- anordersortedalgebraiaheorys, (finitely) presentedy < Q | E >,
- asetof rulesR onS, moduloE.

Definition. Therewriting relation— onS is definedinductively:

- Reflexivity, transitvity:

s—3s § —3"

———S€S — 5,58 €S
S — S S — S
- Oosaqcmsom - _Nm_u_m.om_,:msﬁ
— — _ — _ Ty _ _  Tn _
%H|V%H %3|v%§ \vaAU—HHV nglv@H §3|V\Q§ \mwlAW W\v
— — — — ; — — —— — = (S,
f(S1,--8p) — f(S1,---5)) 5(Ui, - Up) — 5 (V1, - Vn)
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3. MODEL OF A REWRITING THEORY
A rewrite theory(S,R) is simulatedon a 2-categyory C, whose:
- theO-cellsarenaturalnumber€, 1, ... n.

- thel-cells1 <— n aretermsin S(n,1),
- the2-cellsarerewriting modulothereplacement:

3(TU1, ..., Tn) Al ) > 5 (U1, . .., Tn)
3(Ty,...,Ty,) Eﬂr.n. Tn) 5 (Ty,....T,)
5(T1,...,Un) o oL > 5'(U1,...,U0pn)

whereA = (5,5') € R andu; L ;.
- thehorizontalcompositions givenby:

S (U1, - - ,Uy)

Ax(Ty,....T,) = A(v1,...,0,) +5(T1, -, Ty) =3 (Ty,...,T,) + A(ug, .

19/05/04 HOMotopicajproperties Il1. REWRITING LOGIC
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4. CROSSED MODULES OF ALGEBRAIC THEORIES

Definition. A crossednoduleof algebraidheoriess analgebraicheoryC (strongly)enrichedn groupoid.

l.e.C consistf thefollowing data:

the(-cellsaretheintegerso0,1, ... n,...,

agroupoidC(n,m), for arny 0-cellsn,m,

anunit1, € C(n,n)y, for any 0-cell n,

anassociatie andunitaryfunctorsx : C(n,p) x C(p,m) — C(n,m), for arny 0-cellsn,m,p

suchthat

1) 0-cellsand1-cellsform analgebraicdheorys,
i) eachproductdiagramn; <— n; x ns —» no in S induces
anisomorphisnmof groupoids:
C(m, n; X ny) ~C(m, ny) x C(m, ny)
w +— (mw, Tow)

a— (ma, Taa).

» Remark This notionwasfirstly consideredy Mitchell ('72), andintroducedby Baues('90) (Track
Catagyories)for smallcategories,andintroducedby Baues-Jibladzéor algebraicdheories('02) (Track
Theories).
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[Il. IDENTITIESAMONG RELATIONS
AND FINITE DERIVATION TYPE
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1. THE FREE CROSSED MODULE: R = (F(R2), R)

ThefreecrossednoduleC = C(R) F(2) generatedhyaTRS< Q | R > is definedby:

- 0-cells : integers0, 1, ---,n, - - -,
- 1-cells : termsw € F(£2),
- 2-cells :  Graphof whiskersW (n,m): Ob(W (n,m)) = F(Q2)(n,m),

Ar(W(nm)) > n—% e Y _m

a€ RUR  U{<ay,...,an> |a; € RUR™ } u,w € F(Q).

C(nm) := F(W(n,m))/Rel
whereRel is the setof relations

ly =0,

-inverse : ua~ v + uov =0, uaw + va~
-product : m; < aq,...,an >= 4,

- Peiffer : < a,w,B >= 0, where

uw

X 7
QS\ZQ u—u €R
€ R

Jwh < ow,B >

w € F(Q)
:\8<§

u'w
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» Proposition. A TRSR is orthogonalif anonly if thecrossednoduleC(R) is trivial.

l.e. ary parallel2-cellsareequals.

» Homotopy on crossedmodule
Let Pll(C) thesetof parallel2-cellsin C.
An homotogy onC = C(R) ——; F(Q) is anequivalencerelation~ C PII(C):

) if a1 =~ ag, thenuayv =~ uagv, for any u,v € F(Q),
i) if a1 =~ as,theny + a1 + 8 =~ v+ as + 3, for ary 2-cells~, 3.

An homotojy baseon C is a subsetB of P!l(C) suchthat:

~pg= mv__av.

Definition. A TRS< Q | R > hasfinite derivationtypeif thefreecrossednoduleC = C(R) —— F(2)
hasafinite homotoy base.

19/05/04 for concurrensystems AND FINITE DERIVATION TYPE
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» Main Theorem

1. (Invariance) If < Q | R > and< ' | R’ > areTietzeequialent,then
< Q| R > hasfinite dervationtypeif andonly if < Q' | R" > hasfinite derivationtype.

2. If < Q| R > is complete(noetheriarandconfluent) thenthe set

| (uA,Bv) isacritical pairin< Q | R >
Bv\uA uA\Bv

is anhomotogy basefor C(R) —— F(Q)
3. A finite completetermrewriting systemhasfinite derivationtype
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2. IDENTITIES AMONG RELATIONS

» To thefreecrossednoduleC = C(R)

Aut® : F(F(Q)) — Gp
w — Auté = {endo2-cellonw}

(u,v)

w — w' — Auté — Aut®

a = uQu

» Proposition. ThecrossednoduleC is abelian;j.e. AutS is abelianfor any w.

As consequencef [Baues-Jibladze’02]

F(©2) , we associate cartesiamaturalsystemof groups:

» Corollary. Let A = F(2)/R andp : L(2) — A bethecanonicalprojection,thereis a cartesiamatural

systemll : A — Ab definedby
Iy :=7Z[ [o] | @ € Autg, p(w) =w]/{le] +[6] = a+ 8], e+ f] =B + o]}
andanisomorphimof cartesiamaturalsystems

_ I, = Aut® in ApFE®R)
ow(a) = [a], forarny w e L(Q).

Definition. II is calledthe cartesiamaturalsystemof identitiesamongtherelationsfor < Q | R >.
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» Proposition. Theabelianisatiormap

(—)ab : C(R) — ZA|R)

uov — (u,|al,v)
inducesanisomorphisnof cartesiamaturalsystem:
o: 11— H

whereH is the cartesiamaturalsystemof 2-homologicalsyzygiesgeneratedby confluencaldiagraminduced
by critical pairs:

H,, is generatedby factorisatiorof w by headof critical pairs

A B
wiv1 — Vg, UIWi — Us € R, w € A,
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» Main Theoremon the equivalenceof Squier’sfinitenessconditions

Thehomologicalandhomotopicalfinitenessconditionsareequialents.

Corollary. Let A beanalgebraicdheory Thefollowing assertionsreequvalent:

1) A hasfinite dervationtype,
i) A isof typeFP; in Abf™2,

» Thenext stepsconsistin the constructiorof afreeresolutionof 11,

by cartesiamaturalssystemsnvolving higherorderoverlappings.
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3. PROBLEMS

» Problem 1. Considerfree crossednodulesfor rewriting moduloordersortedalgebraicdheories
- Ao-calculus Terms,Substitution
- ChAM : Solution,Molecule,Molecules

Introduceanappropriatedotionof abeliancoeficients.

» Problem 2. Implementthealgorithmfor computingidentitiesamongrelationsandhighersyzygiesnduced
by the free crossednodulesof algebraicheories.
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