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I
M

otivationsand
B

ackgroundon
the

H
om

ologyofR
ew

riting

II
R

ew
riting

Logic
and

C
rossedM

odules

III
IdentitiesA

m
ong

R
elations

IV
W

orks
in
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F
R

O
M

R
E

W
R

IT
IN

G
T

O
H

O
M

O
L

O
G

Y
�

A
string

rew
riting

system� ����
�

is
given

by

-
A

n
alphabet � ��
	�
��
�������

-
A

setofrules�
����
���
���
��������
���
�� �

,

�
���

 

�

C
onflictsin

a
confluent� �� �

�

correspondto
the

follo
w

ing
situations:

C
riticalpair

:

�
!
 

�

�

!"

!#

�
$ �

�
$ �

%
%

! 
&��

!#

�!
���

!"

'!
C

riticaltriple
:

(((

)
-overlappingam

biguities

(((

�

S
quier’s

resolution,[S
quier’87],*

+�,�
- �

:

.*
/

pairs
C

ritical0 ��
.*
/ �0 ��
.*
/ �0 ��
.*
��
.

1 2
354

6 �� �798 �� �
: �
$ �
��

$ �
��
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1.F
O

X
D

IF
F

E
R

E
N

T
IA

L
C

A
L

C
U

L
U

S
O

N
T

E
R

M
S

�
T

E
R

M
S

�

A
term

rew
riting

system
(T

R
S

)is
a

pair� ;
���
�

,w
here

-;
�< ;<�=��>?? @A B

is
an

equationalsignature,

-�
is

a
setofrules��

 ,w
here��  1 C

D<�E
? ,the

free;

-algebragiven
inductively

:

F1 C
D< E
? F1 E
�

G"� ���
� G@
1 C
D<�E
?

H< G"� ���
� G@? 1 C
D<�E
? H 1 ;
<�=��>?

suchthat,�I 1 E
,J 	K

<  ? L
J 	K
< �? .

E
xam

ple
:;

���M
N�� >� ,�

��< F O
P? O
Q�
F O
< P O
Q?� .

�

A
n

algebraictheoryis
a

sm
allcategoryR

,w
hosesetofobjectsconsistsofcountablym

any
objects

S� >� ���� =� ���

and
in

w
hich

eachobject=

is
the

productofthe
object>

w
ith

itself)

tim
es.

P
roposition.(A

bstractS
yntax)

A
ny

T
R

S� ;
� �
�

hasa
com

pletesim
ulationon

the
free

algebraic

theoryT< ;? .
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�
E

xam
ple.T

he
theoryofgroups

;
�

M

>

S

U

O

V

V O
F�
F

U< F? O
F�
V

< F O
P? O
Q�
F O
< P O
Q?

>

M

>

O

V �W

XV

>

M

M

>
Y

O

U �WXS

Z

V

>

M

>

O

O
�W

XM
O

W � O

T
he

criticalpair

Q[
�V O

P [
�< U< F? O
F? O
P ��
U< F? O
< F O
P?

correspondsto
the

follo
w

ing
criticalpaironT< ;? :

>

M

\

\
M

O
O
�W
U �]
Y �W

O

W � O

M^

VZ �W X
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�
C

A
R

T
E

S
IA

N
N

A
T

U
R

A
L

S
Y

S
T

E
M

S
�

W
hich

abeliancategory
for

com
putinga

projective
resolutionfor� ;

� �
�

?

2
3<�_`
- R?�a
2
35b

opc ba
2
3 b

�

T
he

category
offactorisationsdR

is
the

category
definedby

:

e f
< dR? �*g h< R? �
dR< !� !ji?�k

l il

= = i!

!mi
 �

A
cartesiannaturalsystem

onR
is

a
functorno

dR �� 2
3 ,preservingfinite

products:

np +nqr p �nqs p�

for
all

l
p�� =t �=u
qv�� =w

D
enote2

3yxb

the
category

ofsuchfunctorsand
naturaltransform

ations.

-
T

he
category 2

35xb

is
abelianw

ith
enoughprojectives.

-
T

he
free

cartesiannaturalsystem
generatedby

a
subset E

ofm
orphism

sin R

is
:

.R/ E0{z
�|A }
.dR< F� �? �

�

F
rom

a
com

plete(noetherianand
confluent)T

R
S� ;

� �
�

,w
e

constructa
free

acyclic
resolution

of .

in
the

category 2
35xb

,w
here R �T< ;?- �

.
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�
F

O
X

D
IF

F
E

R
E

N
T

IA
L

C
A

L
C

U
L

U
S

�
T

he
naturalsystem~

of] -hom
ologicalsyzygiesof� ;

���
�

is
definedasthe

kernelofthe
Fox

jacobian:

� ��
~ ��
.R/ �0����
.R/ ;0
1 2
3yxb

�XK

8 ��
|A D��

� �� F � � K� F� �

T
heorem

.If� ;
���
�

is
com

plete,then
the

naturalsystem~

is
generatedby

criticalpairs.

In
particular,if�

is
finite,then ~�< R� .? +�� � xb�

< .� .?

is
finitely

generated.

�

M
ore

generallyby
an

inductive
process,[A

nick
’86,K

obayashi’90]:

If� ;
���
�

is
a

com
pleteT

R
S

,thereis
an

acyclic
free

resolutionofnaturalsystem
s

((( ��
.R/ �@0 �
��� .R/ �@ z"0 ��
((( ��
.R/ �#0 �
s�� .R/ �0 ���

.R/ ;0����
.

1 2
3 xb

w
here�@

is
the

setof)

-overlappingand�@

decom
poses)

-overlappinginto) �W -overlapping.
H

ence,if�

is
finite

then ~@< R� .?

is
finitely

generatedfor
any)

.

�

E
xam

ple.� M
N�� >

�< F O
P? O
Q
���

F O
< P O
Q? �

,

- ]-syzygy �

S
tasheff-M

acLanepentagon,

-
highersyzygies �

higherS
tasheffpolytopes.
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�
A

IM
S

:
A

pply
Fox

calculusto
system

ssuchas:

-
C

oncurrentm
odels(C

hA
M

,P
etrinets,...),

-
F

unctionalm
odels(� -calculus,...),

�

A
prototypicalexam

ple:the� -calculus.
T

he��
-calculusasan

algebraicsettingfor
the� -calculus,[A

badi,C
ardelli,C

urien,Lévy
’91].

-�

the
algebraictheoryofexplicit

substitution:

�� ��
�

	� � oo
�W� 	�� �	
� 	/
�0

� ��
�� ���� �
� ��

:�� G oo
� ¡� ¢
� 	 ��� � £
G .

¤¥�
� ��

:

W/  ¡0 �W,

W/ 	 ��0 �	

,

< 	�?/
�0 �< 	/
�0?< �/
�0? ,

< �	?/
�0 ��< 	/ W�< � £¢
?0? ,	/
�0/ G0 �	/
� £
G0 ,

 ¡ £
� ��

,¢ £
 ¡ �¢

,

¢ £
< 	 ��? ��

,

< 	 ��? £
G �	/ G0 �< � £
G? ,

< K £
�? £
G �K £
< � £
G? .

-¦

rule
:¦< ��  ? o

< ��?  ��
�/  �U�0 .

T
he

sim
ulationof� -calculuson< �� �?

is
notcom

plete,[Laneve-M
ontanari’96]:

< � W?< W/ ¢0? �<< � W? W?/ W/ ¢0 � ¡0

¦< W� W/ ¢0?

¦< W� W?/ W/ ¢0 � ¡0

W/ ¢0
§
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2.S
Y

Z
Y

G
IE

S
F

O
R

R
E

W
R

IT
IN

G
L

O
G

IC
�

T
he

plan
is

:1.
S

em
anticallydescribea

concurrentorfunctionalm
odel,

by
a

rew
riting

logic< �� �?

(rew
riting

m
odulo),

2.
A

ssociateto< �� �?

the
free

crossedm
oduleofalgebraictheories

¨< �?

�

�ª©� z

3.
U

se
the

one-to-onecorrespondence

� criticalpairs�ª«
� identitiesam

ongrelations� «
� ] -hom

ologicalsyzygies�

4.
C

om
puteidentitiesam

ongrelationsand
higherordersyzygies.
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II.R
E

W
R

IT
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G
L

O
G
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A

N
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C
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O
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S
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D
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U
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E
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1.R
E

W
R

IT
IN

G
L

O
G

IC

M
odelofconcurrentsystem

¬

R
ew

rite
T

heory,

S
tatesw

ith
structure(m

ultiset,tree
,���

)

¬

Term
sin

an
algebraictheory� ,

A
tom

ic
localtransition

¬

R
ew

riting
rule

on� ,
T

ransition:�­ ���"

¬

R
ew

riting
:�­ ���" .

�
���� i�

�®°¯
v�� ®

T
he

sim
ultaneoustansitionon�< �"� (((� �@?

is
representedby

�
�"
(((
�@

< C"� ���� C@?�
 "
(((
 @

�

� i
 "
(((
 @

�

� i
�"
(((
�@

< C"� ���� C@?
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�
D

efinition.
[M

eseguer’90]
A

rew
rite

theory< �� �
?

is
given

by:

-
an

order-sortedalgebraictheory� ,(finitely)
presentedby� ;

��±
�

,

-
a

setofrules�

on� ,m
odulo ±

.

D
efinition.

T
he

rew
riting

relation ��

on�

is
definedinductively

:

-
R

eflexivity,transitivity:

� ��� �1 �
� ��� i
� i
�� � ii

� ��� ii

�� � i� � ii
1 �

-
C

ongruence
-

R
eplacem

ent

�" ��� i"
(((�@
�� � i@

H< �"� (((�@? ��
H< � i" � (((� i@ ? H 1 ;
<�=��>?

�" ¯
r�� "
(((�@ ¯
��� @

�< �"� (((�@? ��� i<  "� ((( @? �
�< �� � i?
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3.M
O

D
E

L
O

F
A

R
E

W
R

IT
IN

G
T

H
E

O
R

Y

A
rew

rite
theory< �� �?

is
sim

ulatedon
a] -category²

,w
hose:

-
the� -cells

are
naturalnum

bersS� >� ���=���

-
theW-cells>[

�=

are
term

sin�< =��>? ,
-

the] -cells
are

rew
riting

m
odulo

the
replacem

ent:

�< �"� ���� �@?

�<  "� ����  @?

�< C"� ���� C@?

�
< �"� ���� �@?

�
<  "� ����  @?

� i< �"� ���� �@?

� i<  "� ����  @?
� i< C"� ���� C@?

�
< C"� ���� C@?

�

w
here �

�< �� � i? 1 �

and�® ¯
v�� ® .

-
the

horizontalcom
positionis

given
by:

X �

>

�� i

=

X< C"� ���� C@?

< �"� ���� �@?

<  "� ����  @?

l

�
%< C"� ���� C@? o ��
<  "� ����  @? : �< C"� (((� C@? �� i< C"� ���� C@? : �
< �"� ���� �@? �
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4.C
R

O
S

S
E

D
M

O
D

U
L

E
S

O
F

A
L

G
E

B
R

A
IC

T
H

E
O

R
IE

S

D
efinition.

A
crossedm

oduleofalgebraictheoriesis
an

algebraictheory²

(strongly)enrichedin
groupoid.

i.e.²
consistsofthe

follo
w

ing
data:

-
the� -cells

are
the

integersS��>� ���� =� ���

,

-
a

groupoid²<�=� l? ,for
any� -cells=� l

,

-
an

unit W³ 1 ²<�=� =? ­ ,for
any� -cell =

,

-
an

associative
and

unitary
functors %o

²<�=�´? �²< ´� l? ��
²<�=� l? ,for

any� -cells =� l�´

suchthat

i)� -cells
and W-cells

form
an

algebraictheory� ,
ii)

eachproductdiagram=t qr
[
�=t �=u
qs�� =u

in�

induces

an
isom

orphism
ofgroupoids:

²< l� =" �=#? +²< l� ="? �²< l� =#?

! 8 ��
<
µ" !� µ# !?

¶ 8 ��
<
µ" ¶� µ# ¶? �

�

R
em

ark
T

his
notion

w
asfirstly

consideredby
M

itchell(’72),and
introducedby

B
aues(’90)

(T
rack

C
ategories)for

sm
allcategories,and

introducedby
B

aues-Jibladzefor
algebraictheories(’02)

(T
rack

T
heories).
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T
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T
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N
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E
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1.T
H

E
F

R
E

E
C

R
O

S
S

E
D

M
O

D
U

L
E

:·
¸

¹»º
¹»¼
½ ¾À¿
½

T
he

free
crossedm

odule² ��
< �?

T< ;?

generatedby
a

T
R

S� ;
���
�

is
definedby

:

-� -cells
:integersS ,>

, (((,=

, (((,
-W -cells

:term
s!1 T< ;? ,

-]-cells
:

G
raphofw

hiskersÁ
< =� l? :Â Ã
< Á
<�=� l?? �T< ;?<�=� l? ,

Ä�< Á
< =� l?? k
=
�

X ¶

 
l

¶1 �
Å� z
Å� � ¶"� ���� ¶@
�
� ¶® 1 �
Å� z� ��  1 T< ;? .

²< =� l? o �Æ< Á
<�=� l??-�ÇÈ
É

w
hereÇ È

É is
the

setofrelations:

-
inverse

:�¶ z" : �¶ ��� �¶ : �¶ z" �� ,
-

product
:µ® � ¶"� ���� ¶@

� �¶® ,
-

P
eiffer

:� ¶� !�¦ � �� ,w
here

�! 

¶! 

�!¦

� i!¦
� i! 

¶! i
�! i

� ¶� !�¦ �

� i! i

�ËÊ�
� i
1 �

 ÍÌ�
 i
1 �

!1 T< ;?
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�
P

roposition.A
T

R
SÎ

is
orthogonalif

an
only

if
the

crossedm
odule²< Î?

is
trivial.

i.e.any
parallel ]-cells

are
equals.

¶X

X¦
!! i

�

H
om

otopy
on

crossedm
odule

LetÏ�Ð
< ²?

the
setofparallel] -cells

in²
.

A
n

hom
otopy

on² ��
< �?

T< ;?
is

an
equivalencerelation «L

Ï Ð
< ²? :

i)
if¶" «

¶# ,then�¶"  «
�¶#  ,for

any��  1 T< ;? ,
ii)

if¶" «
¶# ,thenÑ : ¶" :¦ «
Ñ : ¶# :¦

,for
any ]-cellsÑ

,¦

.

A
n

hom
otopy

baseon²

is
a

subset �

of Ï Ð
< ²?

suchthat:

«
& �Ï Ð
< ²? �

D
efinition.

A
T

R
S� ;

���
�

hasfinite
derivation

type
if

the
free

crossedm
odule² ��

< �?

T< ;?

hasa
finite

hom
otopy

base.
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�

M
ain

T
heorem

1.(In
variance)

If� ;
���
�

and� ; i
� � i
�

are
T

ietze
equivalent,then

� ;
���
�

hasfinite
derivation

type
if

and
only

if� ; i
� � i
�

hasfinite
derivation

type.

2.
If� ;

� �
�

is
com

plete(noetherianand
confluent),then

the
set

ÒÓÓÓÓÔÓÓÓÓÕ

� �

�
 

�
 $ � �

� �
$ �
 

%
%

�
6 � �
� � 7

is
a

criticalpairin� ;
���
� Ö

ÓÓÓÓ×ÓÓÓÓØ

is
an

hom
otopy

basefor �
< �?

T< ;?
3.

A
finite

com
pleteterm

rew
riting

system
hasfinite

derivation
type
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To
the

free
crossedm

odule² ��
< �?

T< ;?

,w
e

associatea
cartesiannaturalsystem

ofgroups:

ÄÙÚÜÛo
d< T< ;?? ��
ÝÞ

! 8 ��
ÄÙÚÜÛp �� endo-]-cellon!�

!àß
áâ ãä

��
! i8 ��
ÄÙÚåÛp ��
ÄÙÚåÛp�æ

¶ 8 ��
�¶ 

�

P
roposition.T

he
crossedm

odule²
is

abelian,i.e. �
�G Ûp

is
abelianfor

any!

.

A
s

consequenceof[B
aues-Jibladze’02]:

�

C
orollary.LetR �T< ;?- �

andç o
è< ;? ��
R

be
the

canonicalprojection,thereis
a

cartesiannatural

system éo
dR �� 2
3

definedby

ép o
�.// ¶0� ¶1 ÄÙÚëêp�ç<íì!? �!0-�/ ¶0 :/ ¦0 �/ ¶:¦0 �/ ¶:¦0 �/ ¦ : ¶0�

and
an

isom
orphim

ofcartesiannaturalsystem
s:

î zo
éï
ð��

ÄÙÚñÛ

in2
3yxß
òß Dää

î p< ¶? �/ ¶0 �

for
any!1 è< ;? �

D
efinition. é

is
called

the
cartesiannaturalsystem

ofidentitiesam
ongthe

relationsfor� ;
���
�

.
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�
P

roposition.T
he

abelianisationm
ap< �? óô o

�
< �? ��
.R/ �0

�¶ 8 ��
< ��/ ¶0 �  ?

inducesan
isom

orphism
ofcartesiannaturalsystem

:

î o
é
ð��

~

w
here ~

is
the

cartesiannaturalsystem
of ]-hom

ologicalsyzygiesgeneratedby
confluencediagram

induced

by
criticalpairs:

~p

is
generatedby

factorisationof!
by

headofcriticalpairs

!
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�" �
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 "

!"  " �� # ,

�" !" &��# 1 �

,

!1 R

.

19/05
/04

H
om

otopicalproperties
for

concurrentsystem
s

III.ID
E

N
T

IT
IE

S
A

M
O

N
G

R
E

L
A

T
IO

N
S

A
N

D
F

IN
IT

E
D

E
R

IV
A

T
IO

N
T

Y
P

E
21

/
23



�
M

ain
T

heorem
on

the
equivalenceofS

quier’s
finitenessconditions

T
he

hom
ologicaland

hom
otopicalfinitenessconditionsare

equivalents.

C
orollary.LetR

be
an

algebraictheory.T
he

follo
w

ing
assertionsare

equivalent:

i)R

hasfinite
derivation

type,

ii)R

is
oftypeõÏ�

in2
3 xb

.

�

T
he

nextstepsconsistin
the

constructionofa
free

resolutionofé

,

by
cartesiannaturalssystem

sinvolving
higherorderoverlappings.
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3.P
R

O
B

L
E

M
S

�

P
roblem

1.C
onsiderfree

crossedm
odulesfor

rew
riting

m
odulo

order-sortedalgebraictheories

-��

-calculus:Term
s,S

ubstitution

-
C

hA
M

:S
olution,M

olecule,M
olecules

Introducean
appropriatednotion

ofabeliancoefficients.

�

P
roblem

2.Im
plem

entthe
algorithm

for
com

putingidentitiesam
ongrelationsand

highersyzygiesinduced

by
the

free
crossedm

odulesofalgebraictheories.
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